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h-curveAbstract In this paper, by combined homotopy analysis method and Laplace transform method,
we produce a new powerful method and named homotopy analysis transform method. By using this
method, we solve ﬁrst kind singular integral equations of Abel type. Also, the convergence of the
proposed method is proved. The numerical results show that the presented method is effective
and accurate. Also, by plotting the h-curve, we show the convergence region of the examples.
 2015 Faculty of Engineering, Ain Shams University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
Wazwaz in [1,2], presented the generalized Abel’s singular inte-
gral equation of ﬁrst kindZ x
a
yðtÞ
ðx tÞa dt ¼ fðxÞ; 0 < a < 1; ð1Þ
where the kernel 1ðxtÞa is singular in that
Kðx; tÞ ! 1 as t! x:In 1823, Abel, when generalizing ‘‘the tautochrone problem’’,
derived (1). This equation, is a particular case of a linear
Volterra integral equation of the ﬁrst kind. Abel’s integral
equations frequently appear in many physical and engineering
problems, e. g., semiconductors, scattering theory, seismology,
heat conduction, metallurgy, ﬂuid ﬂow, chemical reactions and
population dynamics [3].
Liao in [4–7] presented the homotopy analysis method for
solving different problems in several dimensions. In this
method, produced solution is in inﬁnite series form and this
form is converges to the exact solution.
In recent years, many authors have paid attention to study-
ing the solutions of linear and nonlinear differential and inte-
gral equations using homotopy analysis method combined
with the Laplace transform method [8,9].
In this paper, using homotopy analysis transform method
(HATM), we solve generalized Abel’s integral equations of
ﬁrst kind.
There are many different methods for solving integral equa-
tions [10–12] of which only some of them are efﬁcient for sin-
gular integral equations [13,14]. In particular, Abel’s integral
484 S. Noeiaghdam et al.equation with singularity property causes hard and heavy com-
putations [15–19].
This paper is organized as follows: At ﬁrst, in Section 2, we
present the homotopy analysis transform method (HATM).
Next, we prove the convergence theorem in Section 3 and in
Section 4, by solving examples we explain advantages of
homotopy analysis transform method and illustrate the region
of convergency by plotting the h-curves. Finally, Section 5 is
conclusion.
2. Homotopy analysis transform method
For solving generalized Abel’s integral equations of ﬁrst kind
(1), by applying the Laplace transform on both side of Eq.
(1), we have
L½ fðxÞ  L
Z x
a
yðtÞ
ðx tÞa dt
 
¼ 0: ð2Þ
Now, we deﬁne the nonlinear operator
N½/ðx; qÞ ¼ L½ fðxÞ þ L
Z x
a
/ðx; qÞ
ðx tÞa dt
 
; ð3Þ
where q 2 ½0; 1 be an embedding parameter and /ðx; qÞ is the
real function of x and q. Now we can construct a homotopy
ð1 qÞL½/ðx; qÞ  y0ðxÞ  qhHðxÞN½/ðx; qÞ
¼ bH½/ðx; qÞ; y0ðxÞ;HðxÞ; h; q; ð4Þ
where the initial guess of the exact solution yðxÞ is y0ðxÞ, h – 0
an auxiliary parameter, HðxÞ – 0 is an auxiliary function and
L is an auxiliary linear operator.
By equaled the right hand side of Eq. (4) with zero, we can
construct the zero order deformation equation
ð1 qÞL½/ðx; qÞ  y0ðxÞ ¼ qhHðxÞN½/ðx; qÞ: ð5Þ
Obviously, when q ¼ 0 and q ¼ 1, it holds
/ðx; 0Þ ¼ y0ðxÞ; /ðx; 1Þ ¼ yðxÞ; ð6Þ
respectively. Thus, as the embedding parameter q increases
from 0 to 1;/ðx; qÞ varies continuously from the initial
approximation y0ðxÞ to the exact solution yðxÞ. Such a kind
of continuous variation is called deformation in homotopy.
Expanding /ðx; qÞ in Taylor’s series with respect to q, we have
/ðx; qÞ ¼ y0ðxÞ þ
X1
m¼1
ymðxÞqm; ð7Þ
where
ymðxÞ ¼
1
m!
@m/ðx; qÞ
@qm

q¼0
: ð8Þ
If the auxiliary linear operator, the initial guess, the auxiliary
parameter h, and the auxiliary function are properly chosen,
the series (7) converges at q ¼ 1, we have
yðxÞ ¼ y0ðxÞ þ
X1
m¼1
ymðxÞ: ð9Þ
For brevity, deﬁne the vector
y!nðxÞ ¼ fy0ðxÞ; y1ðxÞ; y2ðxÞ; . . . ; ynðxÞg: ð10ÞNow, by m-times differentiating the zero order deformation
Eq. (5) respective to q and then dividing to m! and ﬁnally set-
ting q ¼ 0, we can construct the m-th order deformation
equation
L½ymðxÞ  vmym1ðxÞ ¼ hHðxÞRmð y!m1ðxÞÞ; ð11Þ
where
Rmð y!m1ðxÞÞ ¼ 1ðm 1Þ!
@m1N½/ðx; qÞ
@qm1

q¼0
; ð12Þ
and
vm ¼
0; m 6 1;
1; m > 1:

In this way, it is easy to obtain ymðxÞ for mP 1, at m-th order,
we have
yðxÞ ¼
Xn
m¼0
ymðxÞ;
when n!1 we get an accurate approximation of the original
Eq. (1).
We emphasize that in HATM we have great freedom to
choose the initial guess y0ðxÞ, the auxiliary linear operator L,
the non-zero auxiliary parameter h, and the auxiliary function
HðxÞ.
3. Convergence analysis
Theorem 1. As long as the series solution
yðxÞ ¼ y0ðxÞ þ
X1
m¼1
ymðxÞ; ð13Þ
converges, where ymðxÞ is governed by Eq. (11), it must be the
exact solution of the integral Eq. (1).
Proof. If the series (13) converges, we can write
SðxÞ ¼
X1
m¼0
ymðxÞ; ð14Þ
and it holds that
lim
m!1
ymðxÞ ¼ 0: ð15Þ
We can verify that
Xn
m¼1
ymðxÞ  vmym1ðxÞ½  ¼ y1 þ ðy2  y1Þ þ . . .þ ðyn  yn1Þ
¼ ynðxÞ; ð16Þ
which gives us, according to Eq. (16),X1
m¼1
ymðxÞ  vmym1ðxÞ½  ¼ lim
n!1
ynðxÞ ¼ 0: ð17Þ
Furthermore, using Eq. (17) and the deﬁnition of the linear
operator L, we haveX1
m¼1
L ymðxÞ  vmym1ðxÞ½  ¼ L
X1
m¼1
ðymðxÞ  vmym1ðxÞÞ
" #
¼ 0;
ð18Þ
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Figure 1 The comparison between exact and approximate solutions for Example 1 with m ¼ 20. Magenta circle: h ¼ 0; Green circle:
h ¼ 0:5; Yellow circle: h ¼ 1; Blue circle: h ¼ 1:5; Red circle: h ¼ 2.
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Figure 2 Absolute error function for Example 1 with m ¼ 20; h ¼ 1:5.
Table 1 Absolute error for example 1 with different values of h.
x h ¼ 0 h ¼ 0:5 h ¼ 1 h ¼ 1:5 h ¼ 2
0 0 0 0 0 0
0.2 0.080743 0.000150182 9:16773 106 9:13614 107 1:64372 107
0.4 0.0626904 0.0000818083 2:87897 108 3:47619 107 1:76096 107
0.6 0.0196773 0.0000244906 3:65464 107 2:29336 107 9:77283 107
0.8 0.154056 0.0000291543 2:56315 107 9:7045 108 0.0000166451
1 0.333333 8:69143 106 7:7486 107 0 0.0000610352
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Figure 3 The h-curve for Example 1 with m ¼ 20; x ¼ 1.
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Figure 4 The comparison between exact and approximate solutions for Example 2 with m= 20. Green circle: h ¼ 0:2; Yellow circle:
h ¼ 0:4; Blue circle: h ¼ 0:6.
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X1
m¼1
L ymðxÞ  vmym1ðxÞ½  ¼ hHðxÞ
X1
m¼1
Rmð y!m1ðxÞÞ ¼ 0; ð19Þ
which gives, since h – 0 and HðxÞ– 0, that
X1
m¼1
Rmð y!m1ðxÞÞ ¼ 0: ð20Þ
Substituting Rmð y!m1ðxÞÞ into the above expression and sim-
plifying it, we haveX1
m¼1
Rmð y!m1ðxÞÞ
¼
X1
m¼1
ð1 vmÞfðxÞ 
Z x
a
ym1ðtÞ
ðx tÞa dt
 
¼ fðxÞ 
Z x
a
1
ðx tÞa
X1
m¼1
ym1ðtÞ
" #
dt
¼ fðxÞ 
Z x
a
1
ðx tÞa
X1
m¼0
ymðtÞ
" #
dt
¼ fðxÞ 
Z x
a
1
ðx tÞa SðtÞdt:
ð21Þ
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Figure 5 Absolute error function for Example 2 with m ¼ 20; h ¼ 0:2.
Table 2 Absolute error for example 2 with different values of
h.
x h ¼ 0 h ¼ 0:2 h ¼ 0:4 h ¼ 0:6
0.2 0.877319 1:09015 109 0.0000963733 0.0209753
0.4 1.06291 8:75753 109 0.000832555 1.07846
0.6 1.23736 3:68506 108 0.00382095 1.86147
0.8 1.40873 8:51946 108 0.0074056 2.36826
1 1.57903 1:88101 107 0.0105303 2.33029
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fðxÞ ¼
Z x
a
1
ðx tÞa SðtÞdt; ð22Þ
and so, SðxÞ must be the exact solution of Eq. (1). h1.0 0.8 0.6 0.4
Figure 6 The h-curve for Exa4. Numerical illustrations
To verify the validity of the present work, we give several
examples. These examples are chosen from [1,18,20,21]. Also
graphs of comparison between exact and approximate solu-
tions were plotted for different values of h. Furthermore, we
plot the graphs of absolute error function and h-curve.
Numerical results were presented in several tables. The soft-
ware used for the numerical calculations in this study was
Mathematica 8.
Example 1. In this example, the following integral equation is
considered [1]:
4
3
x
3
2 ¼
Z x
0
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x tp yðtÞdt: ð23Þ0.2 0.2 h
2
2
4
y 1
mple 2 with m ¼ 20; x ¼ 1.
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Figure 7 The comparison between exact and approximate solutions for Example 3 with m ¼ 20. Magenta circle: h ¼ 0; Green circle:
h ¼ 0:5; Yellow circle: h ¼ 1; Blue circle: h ¼ 1:5; Red circle: h ¼ 2.
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Figure 8 Absolute error function for Example 3 with m ¼ 20; h ¼ 1:5.
488 S. Noeiaghdam et al.By applying the Laplace transform on both side of Eq. (23) we
have
L
4
3
x
3
2
 
 C
1
2
 	ﬃﬃ
s
p L½yðxÞ ¼ 0: ð24Þ
We choose the linear operator as
Ł½/ðx; qÞ ¼ L½/ðx; qÞ; ð25Þ
with property ŁðcÞ ¼ 0, where c is constant. Now, we deﬁne
the nonlinear operator
N½/ðx; qÞ ¼ C
1
2
 	ﬃﬃ
s
p L½/ðx; qÞ  L 4
3
x
3
2
 
: ð26ÞBy using Eq. (5) and with assumption HðxÞ ¼ 1, we can con-
struct the m-th order deformation equation
L½ymðxÞ  vmym1ðxÞ ¼ hRmð y!m1ðxÞÞ: ð27Þ
where
Rmð y!m1ðxÞÞ ¼
C 1
2
 	ﬃﬃ
s
p L½ym1ðxÞ  L½
4
3
x
3
2; ð28Þ
Now, by applying inverse Laplace transform for Eq. (27) we
have
ymðxÞ ¼ vmym1ðxÞ  hð1 vmÞ
4
3
x
3
2 þ hL1 C
1
2
 	ﬃﬃ
s
p L½ym1ðxÞ
 
:
ð29Þ
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Figure 9 The h-curve for Example 3 with m ¼ 20; x ¼ 1.
Table 3 Absolute error for example 3 with different values of h.
x h ¼ 0 h ¼ 0:5 h ¼ 1 h ¼ 1:5 h ¼ 2
0 0 0 0 0 0
0.2 0.0893829 0.00214174 0.0000998604 0.0000309186 0.0000157428
0.4 0.28998 0.000338594 0.0000633939 8:02707 106 2:237 106
0.6 0.54872 0.000339427 0.0000257215 4:31429 106 0.0000124395
0.8 0.724953 0.000187769 0.0000153507 4:58399 106 0.0000583225
1 0.847619 0.000146525 6:23567 106 4:76837 107 0.000366211
0.2 0.4 0.6 0.8 1.0
x
2.0
1.5
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0.5
y
Figure 10 The comparison between exact and approximate solutions for Example 4 with m ¼ 20. Magenta circle: h ¼ 0:5; Green circle:
h ¼ 0:7; Yellow circle: h ¼ 0:9; Blue circle: h ¼ 1:1; Red circle: h ¼ 1:3.
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Figure 11 Absolute error function for Example 4 with m ¼ 20; h ¼ 1:1.
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Figure 12 The h-curve for Example 4 with m ¼ 20; x ¼ 1.
Table 4 Absolute error for example 4 with different values of h.
x h ¼ 0:5 h ¼ 0:7 h ¼ 0:9 h ¼ 1:1 h ¼ 1:3
0.2 0.0108675 0.00253493 0.000293413 0.000240944 0.000263743
0.4 0.00210363 0.000671186 0.000193661 0.0000618045 0.0000254567
0.6 0.00006036 0.000194098 0.0000387027 1:62862 106 0.0000746653
0.8 0.000364847 0.0000479236 0.0000179693 0.0000551626 0.0011538
1 0.0000801254 0.0000174046 0.0000152588 0.00012207 0.00195313
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3
2 and
iterative formula (29), we obtain
y0ðxÞ ¼ 43 x
3
2;
y1ðxÞ ¼ h 43 x
3
2 þ hL1 C
1
2ð Þﬃ
s
p L½y0ðxÞ
 
;
ymðxÞ ¼ ym1ðxÞ þ hL1
C 12ð Þﬃ
s
p L½ym1ðxÞ
 
; mP 2:
8>>><>>>:
ð30Þ
In this method, by summing the ﬁrst mþ 1 terms of
yðxÞ ¼ R1m¼0ymðxÞ, we obtain the ðmþ 1Þ-th approximation
to the exact solution yðxÞ ¼ x. Comparison between exact
and approximate solutions for m ¼ 20 for different values of
h were showed in Fig. 1. Also graph of absolute error function
and numerical results is demonstrated in Fig. 2 and Table 1. In
Fig. 3, by plotting the h-curve we see the convergence region
for this example.
Example 2. Let us consider the following integral equation
[20,21]:
xþ 1 ¼
Z x
0
1
ðx tÞ45
yðtÞdt: ð31Þ
For solving this example, we use m-th order deformation
Eq. (11) and construct the iterative formula
y0ðxÞ ¼ xþ 1;
y1ðxÞ ¼ hðxþ 1Þ þ hL1
C 15ð Þ
s
1
5
L½y0ðxÞ
 
;
ymðxÞ ¼ ym1ðxÞ þ hL1
C 15ð Þ
s
1
5
L½ym1ðxÞ
 
; mP 2:
8>>><>>>:
ð32Þ
By summing the ﬁrst mþ 1 terms of yðxÞ ¼ R1m¼0ymðxÞ, we
obtain the ðmþ 1Þ-th approximation to the exact solution
yðxÞ ¼ ð1þ1:25Þ sinð0:8pÞ
p
ﬃﬃ
x5
p . Comparison between exact and approxi-
mate solutions for m ¼ 20 for different values of h are shown0.2 0.4
0.2
0.4
0.6
0.8
y
Figure 13 The comparison between exact and approximate solution
h ¼ 0:5; Yellow circle: h ¼ 1; Blue circle: h ¼ 1:5; Red circle: h ¼in Fig. 4. Also graph of absolute error function and numerical
results is demonstrated in Fig. 5 and Table 2. In Fig. 6, by plot-
ting the h-curve we see the convergence region for this
example.
Example 3. Let us consider the following integral equation [1]:2
105
ﬃﬃﬃ
x
p ð105 56x2 þ 48x3Þ ¼
Z x
0
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x tp yðtÞdt: ð33Þ
By using presented method, we can construct the m-th order
deformation equation
ym ¼ vmym1ðxÞ  hð1 vmÞ
2
105
ﬃﬃﬃ
x
p ð105 56x2 þ 48x3Þ

 
þ hL1 C
1
2
 	ﬃﬃ
s
p L½ym1ðxÞ
 
; ð34Þ
where L1 is inverse Laplace transform operator. By substitute
m ¼ 0; 1; 2; . . . we can construct the iterative formula
y0ðxÞ¼ fðxÞ¼ 2105
ﬃﬃﬃ
x
p ð10556x2þ48x3Þ;
y1ðxÞ¼h 2105
ﬃﬃﬃ
x
p ð10556x2þ48x3Þ 	þhL1 C 12ð Þﬃ
s
p L½y0ðxÞ
 
;
ymðxÞ¼ ym1ðxÞþhL1
C 12ð Þﬃ
s
p L½ym1ðxÞ
 
; mP 2:
8>>><>>>:
ð35Þ
By summing the ﬁrst mþ 1 terms of yðxÞ ¼ R1m¼0ymðxÞ, we
obtain the ðmþ 1Þ-th approximation to the exact solution
y ¼ x3  x2 þ 1. We compare the exact and approximate
solutions found by the presented method for m ¼ 20 and the
absolute error function in Figs. 7 and 8. In Fig. 9, by plotting
the h-curve we see the convergence region for x ¼ 1. Numerical
results were presented in Table 3.0.6 0.8 1.0
x
s for Example 5 with m ¼ 20. Magenta circle: h ¼ 0; Green circle:
2.
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Figure 14 Absolute error function for Example 5 with m ¼ 20; h ¼ 1.
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Figure 15 The h-curve for Example 5 with m ¼ 20; x ¼ 1.
Table 5 Absolute error for example 5 with different values of h.
x h ¼ 0 h ¼ 0:5 h ¼ 1 h ¼ 1:5 h ¼ 2
0 0 0 0 0 0
0.2 0.0830015 0.000126772 3:36027 106 3:44205 107 1:17707 107
0.4 0.00387867 0.0000381275 1:02079 106 2:90513 107 0.0000298544
0.6 0.118216 0.0000136147 2:69568 107 4:275 106 0.00105713
0.8 0.242436 3:40101 106 2:84483 107 0.0000139253 0.00973072
1 0.366479 5:54919 106 1:35795 106 0.000545906 0.0918545
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Figure 16 The comparison between exact and approximate solutions for Example 6 with m ¼ 20. Magenta circle: h ¼ 0:2; Green circle:
h ¼ 0:5; Yellow circle: h ¼ 0:8; Blue circle: h ¼ 1:1.
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Figure 17 Absolute error function for Example 6 with m ¼ 20; h ¼ 0:5.
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log
x
4
 
¼
Z x
0
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x tp yðtÞdt: ð36Þ
For solving this example, we use m-th order deformation
Eq. (11) and construct the iterative formula
y0ðxÞ ¼ logðx4Þ;
y1ðxÞ ¼ h logðx4Þ þ hL1
C 12ð Þ
s
1
2
L½y0ðxÞ
 
;
ymðxÞ ¼ ym1ðxÞ þ hL1
C 12ð Þ
s
1
2
L½ym1ðxÞ
 
; mP 2:
8>>><>>>:
ð37ÞBy summing the ﬁrst mþ 1 terms of yðxÞ ¼ R1m¼0ymðxÞ, we
obtain the ðmþ 1Þ-th approximation to the exact solution
yðxÞ ¼ 1p ﬃﬃxp logx. Comparison between exact and approximate
solution and graph of absolute error function for m ¼ 20 are
presented in Figs. 10 and 11. Also convergence region is shown
in Fig. 12. In Table 4 we present the absolute error for different
values of h.
Example 5. Let us consider the following integral equation:
sinðxÞ ¼
Z x
0
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x tp yðtÞdt: ð38Þ
1.4 1.2 1.0 0.8 0.6 0.4 0.2
h
0.0402
0.0404
0.0406
0.0408
y 1
Figure 18 The h-curve for Example 6 with m ¼ 20; x ¼ 1.
Table 6 Absolute error for example 6 with different values of h.
x h ¼ 0:2 h ¼ 0:5 h ¼ 0:8 h ¼ 1:1
0 0 0 0 0
0.2 0.0000163984 2:76116 1012 1:16331 1013 1:62214 109
0.4 0.0000191079 1:98841 1012 9:25193 1012 1:85646 106
0.6 4:59903 106 3:56309 1012 9:70011 1011 0.000133995
0.8 0.00001377 1:68554 1012 5:16268 1010 0.00299121
1 0.0000273361 5:88196 1013 1:90795 109 0.0345077
494 S. Noeiaghdam et al.For solving this example, we use m-th order deformation
Eq. (11) and construct the iterative formula
y0ðxÞ ¼ sinðxÞ;
y1ðxÞ ¼ h sinðxÞ þ hL1
C 12ð Þ
s
1
2
L½y0ðxÞ
 
;
ymðxÞ ¼ ym1ðxÞ þ hL1
C 12ð Þ
s
1
2
L½ym1ðxÞ
 
; mP 2:
8>>><>>>:
ð39Þ
By summing the ﬁrst mþ 1 terms of yðxÞ ¼ R1m¼0ymðxÞ, we
obtain the ðmþ 1Þ-th approximation to the exact solution
yðxÞ ¼ 1p ð2
ﬃﬃﬃ
x
p  8
15
x
5
2Þ. We compare the exact and approximate
solutions found by the presented method for m ¼ 20 and graph
of absolute error in Figs. 13 and 14. In Fig. 15, by plotting the
h-curve we see the convergence region for x ¼ 1. In Table (5)
we present the absolute error for different values of h.
Example 6. Consider the following weakly singular integral
equation [1,18]:
yðxÞ ¼ x2 þ 16
15
x
5
2 
Z x
0
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x tp yðtÞdt: ð40Þ
For solving this problem, ﬁrst we apply the Laplace transform
on both side of Eq. (40)
L½yðxÞ ¼ L x2 þ 16
15
x
5
2
 
 C
1
2
 	ﬃﬃ
s
p L½yðxÞ: ð41ÞNow, we deﬁne the nonlinear operator
N½/ðx;qÞ ¼L½/ðx;qÞþC
1
2
 	ﬃﬃ
s
p L½/ðx;qÞL x2þ 16
15
x
5
2
 
; ð42Þ
and using Eq. (5), we construct the m-th order deformation
equation
L½ymðxÞ  vmym1ðxÞ ¼ hRmð y!m1ðxÞÞ; ð43Þ
where
Rmð y!m1ðxÞÞ ¼ L½ym1ðxÞ þ
C 1
2
 	ﬃﬃ
s
p L½ym1ðxÞ  L x2 þ
16
15
x
5
2
 
:
ð44Þ
Now, by applying inverse Laplace transform for Eq. (44) we
have
ym ¼ ðvm þ hÞym1ðxÞ  hð1 vmÞ x2 þ
16
15
x
5
2

 
þ hL1 C
1
2
 	ﬃﬃ
s
p L½ym1ðxÞ
 
: ð45Þ
Using the initial approximation y0ðxÞ ¼ fðxÞ ¼ x2 þ 1615 x
5
2 and
iterative formula (45), we obtain
y0ðxÞ¼ x2þ 1615x
5
2;
y1ðxÞ¼ hL1
C 12ð Þﬃ
s
p L½y0ðxÞ
 
;
ymðxÞ¼ ð1þhÞym1ðxÞþhL1
C 12ð Þﬃ
s
p L½ym1ðxÞ
 
; mP 2:
8>>><>>>:
ð46Þ
Homotopy analysis transform method for solving Abel’s integral equations of the ﬁrst 495In this method, by summing the ﬁrst mþ 1 terms of
yðxÞ ¼ R1m¼0ymðxÞ, we obtain the ðmþ 1Þ-th approximation
to the exact solution y ¼ x2. In Figs. 16 and 17 we show the
comparison between exact and approximate solution and
graph of absolute error function. Also in Fig. 18, by plotting
the h-curve we see the convergence region for this problem.
In Table 6 we present the absolute error for different values
of h.5. Conclusions
In this paper, using homotopy analysis transform method we
solve the Abel’s integral equations of the ﬁrst kind. This equa-
tion, is a particular case of a linear Volterra integral equation
of the ﬁrst kind. Abel’s integral equations frequently appear in
many physical and engineering problems. If we compare
homotopy analysis transform method (HATM) with other tra-
ditional method, see advantages of this method. Some points
should be emphasized here. In (HATM) we have great freedom
to choose the auxiliary linear operator L, and the auxiliary
function HðxÞ and initial function y0ðxÞ but in other methods
we have not this advantages. But most importantly, solutions
given by the (HATM) contain the auxiliary parameter h, which
provides us with a simple way to adjust and control conver-
gence region and rate of solution series.
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